The valley Hall conductivity, having opposite signs between the K and K' valleys, is calculated in disordered bilayer graphene in the presence of gate electric field. Numerical calculations are performed within a self-consistent Born approximation for scatterers with Gaussian potential and for charged impurities. The results show that the valley Hall conductivity is much enhanced as compared to that in the ideal case without scatterers, remains appreciable in the presence of large disorder, and exhibits double-peak structure near zero energy.
I. INTRODUCTION
Graphenes are attracting much attention because of their intriguing electronic properties, as discussed in several reviews. [1] [2] [3] [4] [5] [6] In particular, bilayer graphenes consist of two graphene layers stacked in the way the same as in bulk graphite. It has electronic states quite different from monolayer graphene and has a unique and important feature that a band gap is opened by applied gate voltage. The purpose of this paper is to calculate the valley Hall conductivity in the bilayer graphene with gap in the absence of a magnetic field within a self-consistent Born approximation.
The band structure of monolayer graphene is characterized by the spectrum of an electron in the relativistic limit in which conduction and valence bands with linear dispersion cross at the K and K' points located at a Brillouin-zone corner. 7, 8 Bilayer graphene has a zero-gap structure, but with quadratic dispersion unlike monolayer, leading to nonzero density of states even at zero energy.
9-11 A band gap, opened in perpendicular electric field, is determined in a self-consistent manner corresponding to different electron distribution between the layers.
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In the presence of gap, the Hall conductivity in each of the K and K' valleys becomes nonzero as in monolayer graphenes, although its sign is opposite between the valleys and the total Hall conductivity vanishes. 11, [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] This valley Hall conductivity is quantized into ±e 2 /h in the gap in contrast to ±e 2 /2h in monolayer graphene with gap, if we neglect the spin degeneracy. It was previously shown in monolayer graphene that the valley Hall conductivity is strongly enhanced in the band continuum and becomes much larger than the ideal result obtained by assuming no scatterer. 26 In this paper, the valley Hall conductivity is calculated in bilayer graphene assuming scatterers with nonzero range within a self-consistent Born approximation.
The paper is organized as follows: In Sect. II, following a brief review on the electronic states, the valley Hall conductivity in an ideal system, and calculation of Green's function in the self-consistent Born approximation, we discuss the method to calculate the valley Hall conductivity. In Sect. III numerical calculations are performed for scatterers with Gaussian potential for the purpose of clarifying the dependence on the potential range and for charged-impurity scattering likely to be dominant in graphene on substrates. The valley Hall conductivity in the band continuum is shown to be strongly enhanced as compared to the ideal result, remains appreciable, and exhibits double peak structure near zero energy even in the presence of large disorder. A brief discussion is given in Sect. IV and a short summary is given in Sect. V.
II. FORMULATION

A. Effective-mass description
We consider a bilayer graphene arranged in the AB (Bernal) stacking as shown in Fig. 1 . The upper layer is denoted as 1 and the lower layer denoted as 2. In each layer, the unit cell contains two carbon atoms, denoted by A 1 and B 1 in layer 1 and A 2 and B 2 in layer 2. In a monolayer graphene, electronic states near a K point will be described by a k·p equation equivalent to Weyl's equation or the Dirac equation in the relativistic limit. [1] [2] [3] [4] [5] 17, [27] [28] [29] [30] [31] For the inter-layer coupling, we include only coupling γ 1 between vertically neighboring atoms. Then, electronic states are described by [9] [10] [11] 
with
and
where γ is a band parameter, k = (k x , k y ) = −i ⃗ ∇ is a wave-vector operator, γ 1 represents the inter-layer coupling between sites B 1 and A 2 , and 2∆ is the energy difference between the top and bottom layers due to electric field perpendicular to the system. In the above, γ is related to tight-binding parameter γ 0 through γ = ( √ 3/2)aγ 0 , where a is the lattice constant given by a = 2.46Å, γ 0 ≈ 3.16 eV, 32 and γ 1 ≈ 0.39 eV. 33 The coupling γ 3 between vertically neighboring atoms A 1 ↔ B 2 as shown in Fig. 1 , estimated as ∼0.315 eV, 34 is known to cause trigonal warping and four band-touching points at zero energy in the energy scale of a few meV.
9,10 Such a structure can easily be washed out in actual bilayer graphenes with disorder 10 and will be neglected in the following. The parameter γ 4 giving coupling A 1 ↔ A 2 and B 1 ↔ B 2 is of the same order of magnitude as γ 3 . However, this does not change the qualitative feature of the low-energy spectrum and is not important.
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The wave function with wave vector k is written as
where L 2 is the area of the system, k = |k|, k x = k cos θ k , k y = k sin θ k , and
Then, four-component vector F k satisfies
The energy bands become
This shows that the lower conduction band has minimum energy ε 1 at k = k 1 and local maximum ε 2 at k = 0, and the minimum energy of the first-excited conduction band is ε 3 at k = 0, where
In the following, we shall assume ∆ ≥ 0, unless mentioned otherwise. Extension to the case of ∆ < 0 is straightforward. Figure 2 shows some examples of the energy bands for nonzero ∆. For small ∆, the band gap opens up at k = 0 and with the increase of ∆ a Mexican-hat like dispersion becomes apparent in the vicinity of zero energy. Electronic states near zero energy for small ∆ can be described by an effective (2,2) matrix Hamiltonian. In fact, under unitary transformatioñ
B. Valley Hall Conductivity
we immediately have
with effective massh
The Hamiltonian is rewritten as
with Pauli spin matrices σ x , σ y , and σ z . The corresponding velocity operators are The equations of motion for the velocities are given by
The explicit calculations givē
The first term in the right hand side of Eqs. (17) and (18) represents a "Zitterbewehgung" type of the electron motion, which is modified in the presence of the electric field in proportion to ∆ 2 . The second term may be regarded also as a similar modification in the presence of the electric field. The third term represents an effective Lorentz force and the corresponding magnetic field perpendicular to the system becomes
where ⟨h 2 k 2 /2m * ⟩ represents average kinetic energy and the effective Bohr magneton is defined by
The above shows that the Hall conductivity can become nonzero in the vicinity of the gap opened by the applied electric field, but it can become rapidly smaller or can change sign with the increase of the absolute value of the energy (ε ∼ γ 1 /2 for |∆| ≪ γ 1 ). In the gap, the Hall conductivity is quantized into
with h = 2πh and spin degeneracy g s = 2, as has been suggested by various previous works.
11 ,22,37,38 Figure 2 shows also that a band with monolayer-like dispersion with gap at k = 0 appears in the energy region close to ±∆, when the electric field becomes larger, i.e., ∆ > γ 1 . Near ε = ∆, for example, we perform unitary transformation (10) with
and the corresponding (2,2) Hamiltonian becomes
This corresponds to the monolayer graphene with gap −γ 2 1 /(2∆) and with slightly smaller band parameter or velocity. The valley Hall conductivity associated with this gap is therefore given by sgn(∆)×(g s e 2 /2h), where sgn(t) is the sign of t. 16, 17 The valley Hall conductivity associated with the gap near ε = −∆ is also given by the same value.
The Hall conductivity in two dimensions, satisfying σ yx = −σ xy , is written as
where L 2 is the system area, ε α denotes eigen energy of state α, f (ε) is the Fermi distribution function, and dimensionless velocities are defined by The Hall conductivity in ideal case is straightforwardly calculated and some examples of the results are shown in Fig. 3 .
The valley Hall conductivity is quantized into −g s e 2 /h within the gap at zero energy. With the increase of the energy, it decreases rapidly and changes sign below the bottom of the first excited conduction band. When the field is small and the gap is small, i.e., ∆ < γ 1 , it takes a minimum around the bottom of the conduction band and then gradually approaches zero. When the field is strong, ∆/γ 1 = 5 for example, the valley Hall conductivity is nearly quantized into +g s e 2 /2h in the quasi-gap near ε = ∆ corresponding to the monolayer-like band.
In terms of Green's operatorĜ(ε) = (ε − H) −1 with Hamiltonian H, the Hall conductivity is written as
where
whereĜ(+) = G(ε + i0) for simplicity, Tr stands for the trace over the states, and ⟨· · ·⟩ denotes average over configurations of scatterers. Further, we have introduced
i.e., 
where A t stands for the transposed matrix of A, and obviously v + and v − remain the same. With the use of (28) and (29) that the Hall conductivity for the K' valley has the sign opposite to that for the K valley.
C. Self-Consistent Born Approximation
We consider the system containing scatterers, described by the Hamiltonian:
where u i (r) is the potential of an individual impurity and r j denotes impurity position. We consider the case of isotropic potential
where u i (q) = u i (q) with q = |q|. Extension to the case of anisotropic potential is straightforward as long as the system recovers isotropy after average over all configurations of scatterers. The Green's function in the momentum representation, averaged over every configuration of scatterers, is written as
where Σ(k, ε) is the self-energy matrix. In a selfconsistent Born approximation, the self-energy matrix is diagrammatically shown in Fig. 4 (a) and becomes where n i is the impurity concentration.
For the calculation of the conductivity, we need current vertex parts J ± (k, ε, ε ′ ), satisfying the Bethe-Salpetertype equation:
corresponding to Fig. 4 (b) . We also need the vertex
Within the self-consistent Born approximation, the Hall conductivity is represented by diagrams shown in Figs. 4 (c) and (d). Explicitly, we have
where we have omitted the explicit k dependence of the Green's function and the current vertices and abbreviated G(ε±i0) as G(±), etc. for simplicity.
III. NUMERICAL CALCULATION
The dependence on the direction of the wave vector can be eliminated by a unitary matrix (5) as has previously been shown. 40, 41 Therefore, the self-consistency equation for the self-energy and Bethe-Salpeter-type equations can be written only for the absolute value of wave vector, k. These equations can be numerically solved by discretiz-
Is should be noted that the actual value of cutoff ε c is irrelevant as long as it is sufficiently larger than typical energy scale γ 1 because states with higher energy do not contribute to physical quantities for scatterers with potential range larger than the lattice constant. In order to see explicit dependence on potential range, we first consider scatterers with Gaussian potential,
with strength u and range d. The scattering strength is characterized by dimensionless disorder parameter
as in previous calculations. 40, 41 In the second example, we consider charged impurities with screening being included within the Thomas-Fermi approximation, i.e.,
where κ is the static dielectric constant of the environment and q s is the screening constant, given by
at zero temperature, with density of states D(ε F ) at Fermi energy ε F . For graphene on SiO 2 substrate, we have κ = 1 2 (κ ox + 1) with κ ox ≈ 3.9 being the static dielectric constant of SiO 2 , giving κ ≈ 2.5. For charged impurities, their concentration will be measured in units of n c , define by
For ε c ∼ γ 0 , for example, n c ∼ (2 Figure 5 shows some examples of the density of states in the case of scatterers with Gaussian potential. The actual gap is considerably reduced from ideal 2ε 1 , with ε 1 given by Eq. (9), and the logarithmic divergence at the band edges are completely smeared out due to disorder. The gap disappears in the region 0.1 < W < 0.15 for the short-range case dk 0 = 0.5 and the medium-range case dk 0 = 1, and in the region 0.2 < W < 0.5 in the longrange case dk 0 = 2. In general, effects of disorder on the density of states are larger in the short-range case. Figure 6 shows corresponding results of the valley Hall conductivity. In the short-range case dk 0 = 0.5 shown in (a), a nonzero gap is present for sufficiently small disorder such as W < 0.1. In this case, the Hall conductivity is quantized into −g s e 2 /h within the gap and when the Fermi level goes into the band continuum, its absolute value becomes larger, takes a maximum, and then becomes rapidly smaller, exhibiting double-peak structure around zero energy. With the further increase of the energy, it takes a clear minimum of opposite sign around the middle of ε 2 and ε 3 . With the increase of the disorder, i.e., W > 0.1, such double-peak and minimum features disappear and the Hall conductivity approaches a smooth and monotonic curve.
With the increase in range d, as shown in (b) dk 0 = 1 and (c) dk 0 = 2, the maximum in the absolute value when the Fermi level moves into the band continuum becomes larger and the other features present between ε 2 and ε 3 become less prominent. As a result, the doublepeak structure around zero energy becomes more apparent with the increase in the potential range. The enhancement as compared to the ideal case itself is the same but this increase of the enhancement with d is opposite from the behavior in monolayer graphene. Figure 7 shows some examples of the density of states in the case of dominant charged-impurity scattering for varying gap. The singularity at the band edges easily disappears and the density of states remain nonzero even in the gap region. The nonvanishing density of states is due to the fact that vanishing q s , corresponding to vanishing D(ε F ), gives rise to infinitely large level broadening. The density of states remains the same as in the absence of gap, when the gap becomes small. Figure 8 shows the corresponding results for the valley Hall conductivity. Although the density of states remains nonzero in the gap region, the valley Hall conductivity is close to the ideal value in Fig. 8 (a) . In the band continuum, it is enhanced in comparison to the ideal case both in positive and negative directions. With the decrease of the gap as in (c) and (d), the absolute value becomes smaller, but the general features remain the same, such as the double-peak structure near zero energy, the minimum with opposite sign near the bottom of the excited conduction band, and the enhancement as compared to the ideal case.
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The overall features of the results in the case of charged-impurity scattering correspond to that of the short-range case for scatterers with Gaussian poten- tial. This result is to be expected because the screening constant is larger than Fermi wave-number k F and u i (q) ∼ 2πe 2 /(κq s ) independent of q in graphene on SiO 2 substrate. 42 In fact, we have q s /k F ≈ 3.5 independent of the carrier concentration in monolayer graphene and this ratio becomes larger in bilayer graphene because of the larger density of states.
IV. DISCUSSION
The integer quantum Hall effect 43 can be understood in terms of two different pictures, bulk Hall-current 39, [44] [45] [46] [47] [48] and edge-current. 49 It remains as an unsettled question which picture is actually valid in quantum Hall systems. 50 In periodic systems the Hall conductivity can take various integers sensitively depending on magnetic flux passing through the system. 51 This can also be understood by the number of edge states contributing to the current without backscattering (the so-called bulk-edge correspondence).
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There have been various theoretical calculations of edge states in a few-layer graphenes [57] [58] [59] [60] [61] [62] [63] [64] [65] [66] and also some discussions on the marginal correspondence between the quantized Hall conductivity and the number of edge states. 56, [67] [68] [69] [70] [71] [72] [73] [74] [75] In the following, we shall discuss such marginal correspondence with edge states within the present continuum model.
We choose the boundary at a straight line given by x = x 0 parallel to the y axis and consider the case that bilayer graphene is present in the region x > x 0 . In the region x < x 0 , we add the barrier potential:
with −1 < α j < 1 and |V j | ≫ ∆ with j = 1, 2. Figure 9 shows illustration of the potential distribution near x 0 . For x < x 0 , the two solutions for wave vector k along the boundary are written as
where φ j is an appropriate phase and s j denotes the sign of V j . For x > x 0 , assuming evanescent wave-function F(r) ∝ 
This shows that two evanescent waves having κ with positive real part can exist for all k in the energy region |ε| < ε 1 and for |k| > k + in the region |ε| > ε 1 , where
Let κ 1 and κ 2 be the two solutions of Eq. (52) with a positive real part and let F 1 and F 2 be the corresponding wave functions. Then, the boundary conditions at x = x 0 become
with appropriate coefficients h 1 , h 2 , h ′ 1 , and h ′ 2 . Thus, the presence of nontrivial coefficients gives the condition that determines the energy of edge states for given k. When α 1 and α 2 deviate from zero and the barrier potential becomes asymmetric between positive and negative energies, the symmetry of the edge-state dispersion is destroyed. There appears an extra edge state in the case of (s 1 , s 2 ) = (−, +) and (+, +) for α 1 < 0 and α 2 < 0 as shown in Figs. 10 (a) and (b) , and in the case of (s 1 , s 2 ) = (+, +) and (+, +) for α 1 > 0 and α 2 > 0 as shown in (d) and (e). These extra states have nearparabolic dispersion in the gap region and therefore have velocity in both positive and negative directions along the boundary.
In the presence of scatterers, the difference in the numbers of channels with positive and negative velocities gives the quantized conductance for sufficiently long systems, and therefore these extra states can be neglected as a perfect channel. As in monolayer graphene, α 1 = ±1 and α 2 = ±1 correspond to zigzag edges, for which the marginal correspondence between the valley Hall conductivity and the number of edge modes in the gap was discussed previously.
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The presence and absence of the edge state in the gap are correlated with whether the band gap is closed down in the extreme vicinity of the boundary as in the case of monolayer graphene. 26 In fact, for V 1 > 0 and V 2 > 0, the band gap between the lowest conduction band and the highest valence band increases upto infinity and the gap between the first excited conduction and valence bands increases without crossing, as shown in Fig. 9 (a) . When When both V 1 and V 2 are negative, crossing occurs between the bottom of the conduction band and the top of the valence band as shown in Fig. 9 (d) .
Calculations have been performed for various combinations of α 1 and α 2 and the results show that the number of perfect edge channels is always 0, 1, 1, and 2 for (s 1 , s 2 ) = (+, +), (+, −), (−, +), and (−, −), respectively. Thus, the average conductance due to edge channels may be regarded as g s e 2 /h, corresponding to the quantization of the valley Hall conductivity into ±g s e 2 /h in the gap. In the opposite case that graphene is in the region x < x 0 , the edge state dispersion can be obtained from that shown in Fig. 10 by a mirror reflection with respect to k = 0, showing that the edge state has a velocity in the opposite direction.
The above discussion shows that the quantization of the valley Hall conductivity in the gap is not exactly related to the presence of edge states but to their average number when the boundary potentials are varied. Therefore, there is only a marginal correspondence between the Hall conductivity and edge states, in quite contrast to the quantum Hall system. In actual bilayer graphenes, the present continuum model may become not so valid in the vicinity of edges where scattering or mixing between different valleys takes place. In this case, only the total Hall conductivity, which vanishes due to the cancellation between the contributions of the K and K' valleys, becomes relevant and no edge states are required.
The valley Hall conductivity exhibits double-peak structure near zero energy and changes into opposite sign near the bottom of the first excited conduction band for dominant charged-impurity scattering. It is strongly enhanced into both positive and negative directions in comparison to that in the ideal case. This enhancement as compared to the ideal case in the region of the band continuum is the same as in monolayer graphene, although the sign change does not take place in monolayer. 26 Although it is difficult to derive analytic expression of the valley Hall conductivity in the clean limit as in the monolayer case, 26 it is expected that σ xy in the clean limit is different from that obtained under the assumption of no scatterer and depends on the spatial variation of each impurity potential although being independent of its concentration and strength.
The Hall conductivity in the case of scatterers with Gaussian potential for small W shown in Fig. 6 (a) is close to that in the case of dominant charged-impurity scattering shown in Fig. 8 . This corresponds to the fact that q s ≫ k F and charged impurities are regarded as of short range in bilayer graphene as in monolayer, as mentioned before. With the increase in the potential range, however, the double-peak structure near zero en-ergy seems to be more and more enhanced as shown in Figs. 6 (b) and (c). This feature is quite different from that in monolayer graphene. It may be in part ascribed to renormalization of relaxation time τ into transport or momentum relaxation time τ tr which can be much larger than τ for scatterers with long-range potential.
The effective potential range of charged impurities is expected to be modified by the presence of environmental dielectric material. [76] [77] [78] [79] The present results suggest that environmental screening effect tends to make the valley Hall conductivity larger due to the increase in the potential range as long as charged impurities remain as dominant scatterers. This behavior is opposite to that in monolayer graphene.
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As in the case of the spin Hall effect, the valley Hall effect may be observed using its inverse effect in a nonlocal geometry. 80 Quite recently, small nonlocal resistance was observed in monolayer graphene on BN substrate 81 and in gated bilayer graphene. 82, 83 It has been suggested that R NL ∝ σ 2 xy σ −3 with coefficient strongly dependent on intervalley scattering, where σ is the diagonal conductivity. 84 Because the dependence of σ on the Fermi energy is much stronger than σ xy near zero energy, in particular in the presence of gap, it is almost impossible to extract accurate information on σ xy from R NL . Further, the energy dependence of intervalley scattering is not known well. Thus, actual observation of the energy dependence of the valley Hall conductivity itself remains very difficult until valley polarization is realized. There have been various theoretical suggestions on ways to introduce valley polarization and/or splitting in graphene.
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When current flows in a Hall-bar geometry, electrons at the K and K' points are accumulated in the opposite sides of the system and resulting neutral "valley field" may influence the current as in the case of the usual Hall effect in a magnetic field. Thus, the resistivity in the present system is likely to depend on the strength of intervalley scattering through this valley field. Further, inter-valley scattering is likely to have a strong influence on the valley Hall conductivity itself. The problem related to effects of such intervalley scattering is left for future. Localization effects due to disorder are likely to modify the valley Hall conductivity particularly at low temperatures. This problem is also left for future.
V. SUMMARY
We have calculated the valley Hall conductivity of bilayer graphene with gap in the absence of a magnetic field. The Hall conductivity has an opposite sign between the K and K' valleys and is quantized into ±g s e 2 /h within the gap, with spin degeneracy g s = 2. In ideal graphene without disorder, it decreases rapidly when the Fermi energy moves into the conduction band, changes sign, takes a local minimum at the bottom of the excited conduction band, and then gradually vanishes.
Numerical calculations have been performed within the self-consistent Born approximation for scatterers with Gaussian potential for the purpose of clarifying the explicit dependence on the potential range, and then for more realistic charged impurities, which are likely to be dominant in graphene on SiO 2 substrates. The valley Hall conductivity in the band-continuum region is much enhanced as compared to the ideal system as in the case of monolayer graphene. Even in the presence of large disorder, the valley Hall conductivity remains appreciable and exhibits double peak structure near zero energy or at low carrier concentrations.
